ABSTRACT: A combined stochastic and deterministic method has been developed to evaluate soil erosion from overland flow. The exponential distributions for rainfall duration and intensity are combined with rainfall-runoff relationships for discrete storms. A general equation for.sediment discharge is suggested from dimensional analysis with different sets of coefficients representing several existing equations. The expected value of soil erosion during one rainfall event is theoretically derived using hypergeometric series. When applied to the Chaudiere watershed near Quebec, this equation converges very rapidly, and the first term of the series is recommended. Utilizing sediment-delivery ratios, the sediment yield computed from the total soil erosion is in good agreement with the suspended load measured in the Chaudiere River.
INTRODUCTION
Soil detachment and transport from upland areas is related to surface runoff, rainfall impact, and vegetation. For bare soils under rainfall, many empirical equations have been proposed to evaluate soil losses from overland flow. However, a general relationship between flow and sediment discharge has not been found yet. The complexity of physical processes between rainfall, overland flow and soil erosion, and also the several man-induced activities, such as land management and agricultural practices, contribute to make the problem of soil erosion a very difficult one to deal with.
Among the first relationships in soil erosion studies, the Musgrave Equation (15) was modified leading to the well-known Universal SoilLoss Equation (24) . Previous investigations by Zingg (29) , Meyer and Monke (14) , and Young and Mutchler (28) also provided basic understanding of the soil erosion process. For overland flow under simulated rainfall, Kilinc and Richardson (10, 11) suggested several sediment transport equations based on regression analysis of experimental data. Li, Shen, and Simons (13) suggested a qualitative equation from analytical considerations. The work of Foster, Smith, Moss, Walker, and others could also be referenced.
Simulation models based on physical processes have been developed more recently by Simons et al. (18, 19) and applied to small watersheds. These models use numerical methods to route water and sediment from a watershed for a given rainfall hyetograph. Besides deterministic models, Shen and Li (17) stated that the knowledge for stochastic modeling is rather limited.
The main purpose of this paper is to derive an equation for the expected value of soil erosion and to demonstrate its applicability to wa-'Asst. Prof., Dept. of Civ. Engrg., Colorado State Univ., Fort Collins, Colo.; formerly, Grad. Student at Laval Univ., Quebec, Canada. 2 Prof., Dept. of Civ. Engrg., Laval Univ., Quebec, Canada. Note.-Discussion open until March 1, 1986 . To extend the closing date one month, a written request must be filed with the ASCE Manager of Journals. The manuscript for this paper was submitted for review and possible publication on May 8, 1984 tershed modeling. First, the fundamental characteristics of rainfall, runoff and sediment discharge are briefly summarized; then, the equation for the expected value of soil erosion by one rainfall event is derived. The last section considers practical applications of the theoretically derived relationship.
FUNDAMENTAL CHARACTERISTICS
Rainfall Precipitation.-Point-rainfall precipitation can be described as a random time series of discrete storm events; each event having finite duration and constant intensify. Several stochastic models have been developed by Todorovic, Woolhiser, and Eagleson (3, 20, 21, 22) . In these models, the principal variables of rainfall precipitation are: (1) The elapsed time between successive storms; (2) the storm duration; and (3) the storm intensity.
The time of arrival of successive storms has often been described as a Poisson process with intensity \ 0 , defined by
in which p(y\t) is the probability to observe v storms during the time t; v = 0, 1, 2, ... is the number of storm events; v is the mean number of storms during the period of time t; and X 0 is the average arrival rate of storm events during the period t.
The storm duration, t r , has been found to be distributed exponentially (5) . In a general form, if we allow for the variation with time of the duration parameter k t (t), the probability density function of storm duration p(t r ) is given by
If we now consider a period of time that is short enough to assume a constant value of the duration parameter \ t , we can write in dimensionless form
1 in which \i = - (5) in which \ x is the reciprocal of the average storm duration, t r , during the period, t, considered. Data collected at the Agronomy Station at Laval University from 1966-1970 were available for this study. The observed and fitted distribution functions of rainfall duration F(t r ) corresponding to the integral of Eq. 4 are shown in Fig. 1 , for the month of June. Similar graphs were obtained during the rainy season from June-November; these results support those obtained by Eagleson (3) with data from Boston and Santa Paula. The storm intensity, i, has also been shown to be exponentially distributed with a probability density function, p(i), and an intensity parameter, \ 2 (0' written as 
which, for short time intervals, reduces to
1 in which X. 2 = -i and X 2 is the reciprocal of the average rainstorm intensity, i. The observed and fitted exponential distribution functions of the rainstorm intensity, F(i), at the same meteorological station are shown in Fig. 2 . Similar agreement between observed and fitted exponential distributions was obtained from June to November (8) .
In Table 1 , the values of the rainfall duration parameters, \ : , show a gradual decrease through the fall months. Conversely, an increase of the rainfall intensity parameter, \ 2 , is observed from September-November. The monthly period selected for evaluating the precipitation parameters, Ki and \ 2 , seems adequate to allow for the variation of coefficients throughout summer and fall and is also short enough to assume constant values of Xi and X 2 during each month. Two tests suggested by Yevjevich (27) have been applied to the data to verify the independence between rainfall duration and intensity. The first test is based on the standard deviation of the correlation coefficient and the second uses the standardized variable t. Both tests give identical results and the independence hypothesis has been accepted for all months except October.
Overland Flow and Runoff Hydrographs.-Overland flow refers to the thin surface runoff over upland areas. Sheet runoff over a smooth surface is usually classified as an unsteady nonuniform flow perturbed by raindrop impacts. From experimental data, several authors (2, 11, 16) have observed overland flow to be laminar.
The two nonlinear partial differential equations derived by Saint-Venant are basically used to solve gradually varied unsteady flow. Considering the relative magnitude of the terms in these equations, the kinematic wave approximation has been most widely recommended (25, 26) to define the hydraulics of overland flow.
Laminar flows with raindrop impact can be described by the DarcyWeisbach equation in which the friction factor, /, is related to: (1) The Reynolds number, R; (2) the friction coefficient, K 0 ; and (3) the empirical coefficients A and b for raindrop impact. The friction coefficient K includes both effects due to surface roughness and rainfall intensity. The following relationship is generally used
The values of K 0 have been tabulated by Woolhiser (26) (10) in which, v c is the kinematic viscosity of water; g is the gravitational acceleration; S is the slope; and L is the runoff length. Taking X (defined as the ratio of the storm duration, t, to the equilibrium time, t e ), the resulting hydrograph is classified in two distinct types: (1) The complete hydrograph (X = t r /t e > 1); and (2) the partial equilibrium hydrograph (X § 1), These two types of hydrographs are shown in Figs, 3(a-c) after the following dimensionless variables for flow discharge i | > and time 6 are introduced: tL and 9 = t-t r
(ii) (12) in which q is the unit water discharge. For steady flow conditions in the equilibrium part of the complete hydrograph the average velocity u, flow depth h, and bottom shear stress T 0 are related to the geometry and to flow characteristics as T ' =7 *(tf ^ • ( 15) in which y e is the specific weight of water. It is important to note that soil erosion is often described in terms of these three variables. Sediment Transport Equations.-Sheet erosion is the result of soil particle detachment and transport from raindrop impact and overland flow. Most eroded soil particles are transported downstream by runoff and the unit sediment discharge is a function of the following variables (8) The following dimensionless groups are obtained from dimensional analysis after L, p s , and q are selected as repeating variables /(X^A^Uo (18) \p"<7 v e it T" pj The first group represents the dimensionless concentration of sediments, the second is the Reynolds number, the third is the flow discharge variable, I|J, defined previously and shown in Figs. 3(a-c) . The last three groups represent the ratio of critical to bed shear stresses, the slope and the specific gravity of solid particles. After these nondimensional groups are multiplied or divided by other groups to separate the variables q s , S, q, i, T C , and p s , the modified set of dimensionless groups is presented in the following product form: 
in
a = ^W (21)
Eq. 20 describes a general relationship between sediment discharge, slope, and flow variables. The first three factors (S,q,i) represent the potential erosion (or transport capacity) by overland flow, which is reduced by the last factor describing the soil resistance to erosion. It is also seen that when T C is small compared to T 0 , the equation for sediment transport capacity is </ s = cxSy; 8 (22) Quantitative evaluation of the coefficients a, (3, 7, 8 , and e has been done (8) for several types of equations based on different variables. The equations analyzed are those proposed by Musgrave (15); Li, Shen, and Simons (13); and several regression equations obtained by Kilinc and Richardson (11) , including tractive force, stream power, velocity, and discharge equations. When the sediment transport equations in Table 2 are expressed in terms of the variables u, h, T" , and R, the Reynolds number is replaced by R = uh/v e , and Eqs. 13-15 are used to transform the variables u, h, and T 0 into a function of slope and discharge. From the results shown in Table 2 , it is found that none of these eight equations is complete since some coefficients are not defined, which reduces the number of variables. The numerical values of the coefficient p vary from 1.21-1.86, and 7 varies from 2.03-2.42, except for Eqs. 20b-d based on tractive force and stream power concepts. The exponents of Eq. 20 are kept variable in the following analysis. Accordingly, evaluation based on each equation in Table 2 will be possible provided the proper set of coefficients is selected. 
PREDICTING MEAN SOIL EROSION LOSSES DURING GIVEN PERIOD OF TIME
Before deriving an expression for the expected soil erosion during a given period of time, the erosion for a single event of given intensity, i, and duration, t r , must be considered.
Single Event.-Soil erosion by overland flow during a single event, shown in Figs. 4(a-c) , is obtained by combining Eq. 19 with the flow characteristics corresponding to the runoff hydrograph [ Figs. 3(a-c)] . In a dimensionless form, the total erosion or mass eroded per unit width, <j >, is obtained by integrating the sediment discharge, qjp e v e , over the dimensionless runoff period, A^ t:
Jo PeV e p e V e q s dt (23) The erosion potential obtained when T C reduces to zero in Eq. 20 is
For a given constant rainfall intensity i over a plane surface of slope S, Julien (8) 
From Table 2 , 7 normally varies between 1 and 3. When t r » t e (or X -» 00), the term in brackets of Eq. 25 (valid for X > 1) reduces to unity. In Eq. 26 (for X § 1), the soil erosion $ p remains generally small since for partial duration hydrograph, X is raised to the power 37.
Expected Value of Soil Erosion for One Rainfall Event.-The expected value of soil erosion is determined using the probability density functions of rainfall duration and intensity. These independent exponential distributions were previously described and the expected value of soil erosion by one storm $ is given by
From Eqs. 4 and 7, Eq. 27 becomes *= I I ( ))e"^e-M d(X 1 f r )(f(X 2 0. Jo Jo (28) This integral must be divided in two parts, as indicated by Eqs. 25 and 26, which are valid when t r > t e and t r St e , respectively. One thus obtains
The boundary value, X a t e , is a function of i (Eq. 10), while 4> p and <j > c are given by Eqs. 25 and 26. The exact analytical solution to Eq. 29 including the variation of the friction factor K with rainfall intensity (Eq. 9) has been obtained using hypergeometric series. The complete solution is written in terms of a series of incomplete gamma functions, which converges very rapidly, and the reader is referred to Julien (8) for the derivation. Experience with field data showed that a constant value of the friction coefficient can be assumed for the evaluation of soil erosion. This development has been applied to predict rainfall erosion and sediment yield from the Chaudiere Watershed near Quebec City, Canada. A detailed description of the methodology including data collection and analysis, discretization of the watershed and computer programs is beyond the scope of this paper. However, the interested reader might refer to previous work (7-9). The writers wish to outline the approach used to cope with practical applications of this theoretical derivation and to provide some of the results obtained.
The significant parameters used to describe the watershed and the monthly rainfall parameters are listed in Table 1 . The basin geometry is simplified, and the following parameters are considered: A t = 6.27 X 10 10 ft 2 (5.83 x 10 9 m 2 ); S = 0.0156; and L = 300 ft (91.5 m). The expected value of soil erosion during one rainfall event is computed using numerical integration of the exact formulation (Eq. 29) and the results are compared with the series approximation given by Eq. 30. The exact formulation has been integrated numerically in two different ways: (1) Simple first-order open Newton-Cotes formula (two-dimensional) with 2,500 points; and (2) Gauss quadrature formula (two-dimensional) with 25 points. The results in columns 2 and 3 of Table 3 show that the numerical methods used to solve Eq. 29 give nearly identical results, as one might expect. The results of the series approximation (Eq. 30) are presented in columns 4 and 5 in Table 3 and indicate a very rapid convergence. In this example, the first term of the series can be used to estimate the rate of soil erosion if a 5% error is acceptable. Otherwise, better accuracy is achieved when both terms are considered. Higher order terms in the series were shown to be negligible for the cases investigated. In this example, the expected value of soil erosion after v storms can be estimated from:
JE.
-,*. A preliminary sensitivity analysis was conducted to account for water losses due to interception, evapotranspiration, and infiltration. Three cases have been studied: (1) No water losses (hyp. A); (2) the water losses reduce the rainfall duration such that the equivalent rainfall duration parameter is \ lb = X 1 /C r , in which C r is the runoff coefficient (hyp. B); and (3) the water losses reduce the rainfall intensity and the equivalent rainfall intensity parameter is given by X 2 c = WO-( nv P-Q-The specific erosion rates based on Eq. 2Gb in Table 2 have been computed as a function of surface slope for these three hypotheses and the results are shown in Fig. 5 . These curves represent the potential erosion losses for bare soil. The curve obtained by the empirical Universal Soil-Loss Equation (USLE) under the same conditions (7) is also shown on the same figure. The shape of the quadratic expression for slope in the USLE is very similar to power formulas with an exponent value near 1.7. The theoretically derived method has been applied to the Chaudiere watershed during the rainfall period (June-November). The cropping management factor of the USLE and the monthly values of the runoff coefficient, C r , were evaluated to account for vegetation and water losses on the watershed. An average sediment-delivery ratio was estimated from Boyce's data (1,7) to compute monthly sediment yield. These results during the rainfall period are shown in Fig. 6 and compared to the observed suspended load, which is mainly wash load, from 1968-1976 at St-Lambert-de-Levis near the mouth of the river.
Though the observed values fluctuate, the observed load is in good agreement with the computed sediment yield (hyp. B). The peak in the observed sediment yield for the month of August is related to the occurrence of a severe flood in 1971. The question as to whether hyp. B can be consistently assumed has not yet been fully clarified. However, three other watersheds in Canada were investigated by the writers (9) and the analysis showed that hyp. B gives the best results. In a more detailed analysis of soil erosion and wash load on four northern watersheds (8) , this approach to rainfall erosion was extended to soil erosion during snowmelt with excellent results.
SUMMARY AND CONCLUSIONS
This paper describes a theoretical development in soil erosion modeling based on: (1) The exponential distribution of rainfall duration and intensity; (2) the hydrographs obtained by solving the kinematic wave approximation for the case of a rainfall of constant intensity over an impervious surface; and (3) a general sediment discharge equation for overland flow suggested from dimensional analysis. Two equations for the total soil erosion losses during one rainfall event were derived, respectively, for the complete hydrograph and the partial equilibrium hydro- graph. The expected value of the quantity of sediment eroded by a storm has been derived using hypergeometric series and a particular solution (Eq. 30) is determined for the case where the friction factor, K, does not dependent on the rainfall intensity. It can be concluded that although the general equation (Eq. 29) can be solved analytically in terms of a series of incomplete gamma functions, a very simple first-order approximation (Eq. 35) has been derived from hypergeometric series. This equation has been applied on the Chaudiere watershed and gives less than 5% difference with an elaborate numerical evaluation of Eq. 29. Better accuracy can also be obtained by taking the first two terms of the series as shown in Table 3 . With the use of the runoff coefficient (hyp. B) and the sediment-delivery ratio, the computed sediment yield compares very well with the observed suspended load in the Chaudiere River. The method demonstrated herein has been used to analyze complex watershed configurations and appears to be efficient for studying rainfall erosion and sediment yield from large watersheds.
T" = bed shear stress; T C = critical bed shear stress; <f > = expected value of soil erosion for one storm; $ = expected value of soil erosion during a given period of time; ( J> = total soil erosion for one storm; <$> c ,<i>p = total soil erosion during complete and partial equilibrium hydrographs; and vp = dimensionless flow discharge.
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